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ABSTRACT Single-particle tracking techniques make it possible to measure motion of individual particles on the cell surface.
In these experiments, individual trajectories are observed, so the data analysis must take into account the randomness of
individual random walks. Methods of data analysis are discussed for models combining diffusion and directed motion. In the
uniform flow model, a tracer simultaneously diffuses and undergoes directed motion. In the conveyor belt model, a tracer binds
and unbinds to a uniform conveyor belt moving with constant velocity. If a tracer is bound, it moves at the velocity of the conveyor
belt; if it is unbound, it diffuses freely. Trajectories are analyzed using parameters that measure the extent and asymmetry of
the trajectory. A method of assessing the usefulness of such parameters is presented, and pitfalls in data analysis are discussed.
Joint probability distributions of pairs of extent and asymmetry parameters are obtained for a pure random walk. These dis-
tributions can be used to show that a trajectory is not likely to have resulted from a pure random walk.
INTRODUCTION
New techniques of single-particle tracking (Anderson et al.,
1992; de Brabander et al., 1991; Edidin et al., 1991; Fein
et al., 1993; Ghosh and Webb, 1987,1994; Kucik et al., 1990;
Kusumi et al., 1993; Lee et al., 1993; Sheetz et al., 1989)
make it possible to measure lateral motion in cell membranes
at a spatial resolution at least an order of magnitude higher
than in fluorescence photobleaching recovery experiments.
Furthermore, the number of diffusing particles averaged over
is reduced from hundreds or thousands to one. In tracking
experiments, proteins or lipids are labeled with colloidal gold
microspheres or a highly fluorescent label, and computer-
enhanced video microscopy is used to track the trajectories
of individual particles as they move on the cell surface. This
technique makes it possible to examine processes such as free
diffusion, hindered diffusion, binding to immobile species,
directed transport, trapping of particles in bounded microdo-
mains, and transitions among these types of motion (Sheetz,
1993; Sheetz and Elson, 1993; Zhang et al., 1993).
Observation of the motion of individual particles increases
the amount of information gained from an experiment enor-
mously, but it also means that one must consider the ran-
domness of a single random walk. As shown earlier (Saxton,
1993), trajectories suggesting directed transport or trapping
in bounded microdomains frequently occur by chance in a
pure random walk. To interpret observed trajectories, one
must use the proper control, a two-dimensional unobstructed
random walk. It is useful to define parameters to characterize
the trajectories, such as measures of extent and measures of
asymmetry. Then one can calculate the probability dis-
tributions of these parameters for directed motion and an
unobstructed random walk, and use these probability dis-
tributions to test for directed motion. The overlap of the
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probability distributions shows that there are many
ambiguous trajectories.
Experimental measurements of trajectories (see Qian
et al., 1991; Ghosh and Webb, 1994) are limited by instru-
mental resolution, and more importantly by the total obser-
vation time before a particle goes out of focus, changes its
mode of motion, or is internalized. Spatial resolution is high,
-5-50 nm. Temporal resolution is often set by the standard
video rate of 30 frames/s, and the number of position mea-
surements within the total observation time for a given par-
ticle may be low, between hundreds and thousands depend-
ing on the cell and the labeled species. The stochastic nature
of a random walk is therefore important, and the number of
time steps in the Monte Carlo calculations needs to be in the
range of the number of experimental position measurements
for a single particle.
We examine two models of directed transport. In the uni-
form flow model, a tracer simultaneously diffuses and un-
dergoes directed motion. This model could be applied to
cellular locomotion (Lee et al., 1993) and growth of nerve
cells (Popov et al., 1993), as well as to the Bretscher bulk
flow hypothesis (Sheetz, 1993). In the conveyor belt model,
cytoskeletal elements are assumed to form a spatially uni-
form conveyor belt moving with a fixed velocity. If a tracer
is bound to the conveyor belt, it moves at the velocity of the
conveyor belt; if it is not bound, it diffuses freely. At each
time step, the tracer tries to bind or unbind with the appro-
priate probabilities. Both models assume continuum diffu-
sion, not lattice diffusion.
This paper extends previous work (Saxton, 1993) to a con-
tinuum model of directed transport. It shows a way to test the
usefulness of a parameter in analyzing experimental data,
and points out some pitfalls in data analysis. It shows how
to use two-dimensional distributions of parameters to test
whether a trajectory is likely to be a pure random walk. Pa-
rameters based on the radius of gyration tensor are used, but
the aim of this paper is to show more generally how one can
and cannot interpret parameters in single-particle tracking
experiments.
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METHODS Ax =eCos 0,
In the continuum diffusion model, a tracer is placed at a random initial
position, and carries out a random walk of fixed step size in a system with
periodic boundary conditions. The system size is 1 x 1, and the step size
is 0.002915 (chosen for reasons involving obstructed diffusion in work to
be published separately). The trajectory of the tracer is recorded and pa-
rameters characterizing the trajectory are calculated as described previously
(Saxton, 1993). Typically, a random walk of 256 steps is carried out for 5
X 106 to 1 X 108 trajectories. The number of time steps is in the same range
as a typical number of experimental observations of an individual particle.
The large number of repetitions is needed to reduce statistical noise in the
two-dimensional histograms; the one-dimensional histograms are therefore
very reproducible.
To draw curves through the data points in some of the histograms,
Catmull-Rom splines (Foley et al., 1990) are used. These interpolating
splines provide smooth curves very much like what one would draw by
hand.
RESULTS
The models
To examine directed transport, a continuum model is much
more convenient than a lattice model. Furthermore, the prob-
ability distributions of parameters from a continuum model
do not have spurious peaks resulting from the lattice struc-
ture. In the triangular lattice model, the random walk has a
fixed step size of one lattice spacing, and the angles of the
jumps are restricted to multiples of 600. In the continuum
model used here, the step size is still fixed, but the angle of
the jump is unrestricted. An angle 0 between 0 and 2w is
chosen randomly, and the tracer is moved by
Ax=cos0, (la)
Ay = f sin 0, (lb)
where ( is the step size. In a full continuum model, the angle
of the jump would again be a random number uniformly
distributed between 0 and 2ir, but the step length would be
a random variable chosen from a Gaussian distribution, be-
cause the jump is itself that random walk that occurs between
consecutive observations.
In the uniform flow model, diffusion and directed trans-
port are superimposed. At each time step, the tracer moves
by the sum of a random step and a move in the x-direction
by a constant amount. So
AX= ( cos0+ TV, (2a)
Ay = e sin 0, (2b)
where V is the velocity and T is the jump time. The velocity
is independent of position and time. The mean-square
displacement is
(r2) = 4Dt + V2t2. (2c)
This model (Qian et al., 1991; Kusumi et al., 1993) simulates
diffusion in a membrane moving with velocity V.
In the conveyor belt model, mobile cytoskeletal elements
are assumed to form a uniform, homogeneous conveyor belt
that can bind the tracer. If the tracer is free, it makes a purely
diffusional move
(3a)
(3b)Ay = ( sin 0.
If it is bound, it makes a purely translational move in the
x-direction
AX= TV,
Ay = 0.
(3c)
(3d)
At each time step, the tracer attempts to bind or unbind. If
the tracer is free, it attempts to bind with probability T PON;
if it is bound, it attempts to unbind with probability T POFF.
The average time bound is TBD = 1/POFF; the average time
unbound is TFREE = 1/PON. The fraction of time bound is
(4a)FBD = TBD/(TBD + TFREE),
and the mean-square displacement is
(r2) = 4(1 - FBD)Dt + F2DV2t2. (4b)
In a more detailed model, the conveyor belts would be
localized. The moves would still be given by Eq. 3, a-d. A
bound particle would still attempt to detach at each move, but
a free particle would attempt to attach only if it is in one of
the belt regions. This model will not be considered here be-
cause there are too many unknowns.
What is the relation of these models to reality? In the cell,
there may be a spatially nonuniform distribution of cyto-
skeletal elements producing directed motion with a distri-
bution of velocities. A tracer can bind and unbind from these
elements, and there may be a distribution of binding con-
stants. To obtain tractable models, we average out various
quantities. First, in all models we neglect the possible dis-
tribution of velocities and binding constants. Second, we
carry out a spatial average, yielding a uniform distribution of
cytoskeletal elements, but we keep the on-off equilibrium.
This is the uniform conveyor belt model. Third, if we also
average over time, the tracer is bound at all positions and all
times, yielding the uniform flow model withD = 0. Here the
tracer moves with an average velocity equal to the product of the
velocity of the cytoskeletal element and the fraction of time
bound. The uniform flow model with D # 0 is applicable to a
cell in which the membrane is moving uniformly.
Units
To relate Monte Carlo results to experimental results, we use
the following conversions. The unit of time T is the time
between observations of the tracer position, typically 1/3o s.
The diffusion coefficient in an unobstructed system with no
directed motion is Do, These give the unit of length X, defined
by
f2= 4DoT,
and the unit of velocity
Vo = f/T.
(5)
(6)
The dimensionless Monte Carlo units D*, r*, t*, and V* are
related to physical units D, r, t, and V by D* = DIDo, r* =
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rle, t* = t/I, and V* = V/V0. It is assumed that no obstructions
are present, so D* = 1. For simplicity, in the rest of the paper
we drop the asterisks from the Monte Carlo variables. Typi-
cal experimental values are given in Table 1 for macrophages
and fish keratocytes. The motion of fish keratocytes is rapid
(Kucik et al., 1990; Lee et al., 1993).
In analyzing experimental data, it may be useful to com-
pile histograms of the velocity (Qian et al., 1991) or the step
size. These distributions provide a way to distinguish dif-
fusive motion from directed motion, and the mean step size
for diffusive motion eOBS can be used to define Do from Eq. 5.
This is similar to the procedure of Kusumi et al. (1993), who
use the short-time diffusion coefficient as a normalization
factor.
The problem
The problem we consider is how to detect directed motion
in the presence of random motion. In principle, the solution
is trivial. The mean-square displacement is (r2) ac Dt for
diffusion, and (r2) a V2t2 for directed motion. So if the meas-
urement is long enough and averaged over enough particles,
the difference is obvious. (Qian et al. (1991) analyze in detail
how the statistical errors in D and V vary with the duration
of the measurement.) But in practice the number of particles
may be small, and the observation time may be limited be-
cause the particles move out of focus or change their mode
of motion.
Some trajectories for the uniform flow model are shown
in Fig. 1, a-c for 256 time steps. Fig. 1 a, for V = 0, suggests
pure diffusion, but several trajectories suggest directed mo-
tion in roughly the same direction, and several particles ap-
pear to be trapped. Fig. 1 b, for V = 0.05, suggests some
directed motion, but one particle makes a U-turn, and several
particles appear to be trapped. In Fig. 1 c, for V = 0.10, the
directed motion is obvious, but one particle makes a U-turn,
two appear to be trapped, and another appears to change from
trapped to directed motion.
Fig. 1, d-f shows trajectories for three specific examples
of the conveyor belt model. Fig. 1 d shows trajectories for
mostly directed motion. Here PON = 0.3125 and POFF =
0.034722 so TON = 28.8 and TOFF = 3.2. On the average there
is an on-off cycle of 32 time steps with the tracer bound 90%
of the time and freely diffusing 10% of the time. In a typical
run time of 256 time steps, a tracer goes through an average
of eight on-off cycles, though in fact the on-off cycle is not
deterministic, and the tracer tries to change its binding at
every time step. Fig. 1 e shows trajectories for an equal mix-
TABLE 1 Observed velocities
Macrophages Fish keratocytes
Parameters (Sheetz et al., 1989) (Kucik et al., 1990)
V (nm/s) 20 350
D0 (CM2/s) 3.0 X 10-11 3.5 X 10`'°
e (nm) 20 68
VO (nm/s) 600 2000
V* 0.03 0.17
ture of directed motion and diffusion. Here PON = POFF =
0.0625, so that a tracer is bound 50% of the time, with the
same average on-off cycle of 32 steps. Fig. 1 f shows tra-
jectories for the mostly diffusive case. Here PON = 0.034722
and POFF = 0.3125, so that a tracer is bound 10% of the time
and freely diffusing 90% of the time, with the same average
cycle time. These three examples do not go to the same limit
as V -* 0. When V is 0, the tracer is immobilized a fraction
FBD of the time, so the effective diffusion coefficient
is D* = 1 - FBD. In the same limit for the uniform flow
model, D* 1.
The ambiguities remain in the next stage of data analysis,
plots of the displacement r2 as a function of time. Plots for
three individual trajectories are shown in Fig. 2 a, again for
V = 0.0, 0.05, and 0.10. One might be tempted to interpret
the bottom curve as a period of trapping followed by a period
of free diffusion; in fact it is pure diffusion. Or one might
assume pure directed motion, fit all of these to parabolas, and
extract the velocities. In fact, these are from the uniform flow
model. At t = 256, the upper curve is for V = 0.05, and the
curve just below it is for V = 0.10. Ifwe average over a large
number of trajectories, however, the fluctuations average
out, yielding the expected curves in the expected order, as
shown in Fig. 2 b. A similar plot for the conveyor belt model
with 10% directed motion and 90% diffusion, averaged over
many trajectories, shows little change in (r2) with V. This
result suggests that, in the presence of experimental noise,
much longer measurements will be needed to see a small
component of directed motion in the presence of diffusion.
The results in Figs. 1 and 2 show the dangers of inter-
preting individual trajectories purely by eye. These results
are not carefully selected examples of anomalies, but arbi-
trary random walks. Even though it is trivial to see differ-
ences in (r2), it is not necessarily trivial to see differences in
r2 for a single trajectory.
A solution
To solve this problem, we define parameters characterizing
a trajectory, evaluate them by Monte Carlo calculations, and
examine their probability distributions (Saxton, 1993). We
can then compare observed trajectories with the proper con-
trol, an unobstructed pure two-dimensional random walk.
For a trajectory of n steps, the two-dimensional radius of
gyration tensor (T) is (olc and Stockmayer, 1971; Rudnick
and Gaspari, 1987)
T ( (x2 - (x)2 (Xy)- (x(y)
\(X,) - (X)(Y) (y,) (y)2 J, (7)
where the averages are over all n steps in the trajectory:
(x) = (1/n) ,1 xi, and so forth. A different type of aver-
aging is often used in analyzing experimental data (Qian
et al., 1991; Ghosh, 1991). There, averaging is done within
each trajectory, so that, e.g., the mean-square displacement
for t = 2 is taken to be the average over all displacements
(Qian et al., 1991), or all independent displacements (Ghosh,
1991), two time steps apart.
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FIGURE 1 Trajectories for 25 par-
ticles and 256 time steps. Directed
motion is horizontal in all cases. (a-c)
Uniform flow model, for velocities
V = 0, 0.05, and 0.10. (d-f) Conveyor
belt model for V = 0.10. (d) 90%
directed motion, 10% diffusion. (e)
50% directed motion, 50% diffusion.
(f) 10% directed motion, 90% diffu-
sion. Corresponding values of PON and
POFFare given in the text.
The principal radii of gyration are the eigenvalues of the
tensor T,
Ri, R2 = (TX + A(TX -yy)2 + 4Txy]. (8)
To measure the extent of the trajectory, one can use the
square displacement r2, the square of the maximum distance
R2 from the initial point, or the radius of gyration
RG = R +R. (9)
To remove the time dependence due to diffusion, all of these
are divided by time. For the models of directed motion
treated here, there is no qualitative difference among the
three measures of extent (except that RG is almost a factor
of 10 smaller than the other two), so for simplicity r2 will be
used in most cases.
To measure the asymmetry of the trajectory, one can use
the eigenvalue ratio, the ratio of the smaller to the larger
principal radius of gyration (Family et al., 1985)
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FIGURE 2 (a) Displacement r2 as a function of time for three individual
random walks in the uniform flow model, for the indicated velocities.
(b) Mean-square displacement (r2) as a function of time for the same ve-
locities, superimposed on the displacements of Fig. 2 a. To obtain the mean-
square displacements, the runs in (a) were continued and averaged over
1000 tracers.
a2 = R2/R2.
0.5
0.4
C 0.30
0.2
0.1(10)
Linear trajectories have a2 = 0; circularly symmetric
trajectories have a2 = 1. Or one can use the asymmetry
parameter
A2 =(R2 + R2)2 (11)
which is the deviation from circularity, normalized by the
radius of gyration. This parameter is equal to 0 for circularly
symmetric trajectories and 1 for linear trajectories (Quandt
and Young, 1987; Rudnick and Gaspari, 1987).
Single-parameter distributions
For a given difference in V, the overlap of the histograms of
a parameter indicates the effectiveness of that parameter in
measuring V. Fig. 3 a shows the distribution of the eigenvalue
ratio a2 for the uniform flow model for V = 0 and 0.1, and
t = 256. When V = 0, the histogram is peaked toward low
eigenvalue ratios, because most random walks are asymmet-
ric. When V = 0.1, the distribution shifts strongly toward
even lower values of a2, as expected, but the overlap of the
curves is considerable. For the experimentalist, what this
0 2 4 6 8 10
r2/t
o.o L0. 0.1 0.2 0.3
Eigenvalue ratio
0.4 0.5D
FIGURE 3 Distribution of parameters for the uniform flow model for
V = 0.0 and 0.1. (a) Eigenvalue ratio a2 for t = 256. (b) r2/t for t = 256.
(c) Eigenvalue ratio a2 for t = 2048. The change between a and c is in the
histogram for V = 0.1. For t this large, the histogram for V = 0 is inde-
pendent of time. (Note the changes in scale.)
overlap implies is that many trajectories with V = 0.1 cannot
be distinguished from purely diffusive trajectories using this
parameter and this observation time. Furthermore, suppose
that an experiment yields a mixture of apparently diffusive
and apparently nondiffusive trajectories. The mixture might
result from the presence of two populations of tracers with
different dynamics, or from the distribution of trajectories
within a single population of tracers.
How can the problem of overlap be solved? First, one can
use a better parameter. Fig. 3 b shows histograms of r2/t for
the same conditions as Fig. 3 a. The overlap is less, and a
significant fraction of the trajectories can be distinguished.
t=2048
VV0* | s sBiophysical Joumal2114
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Second, one can use longer measurements, as shown in Fig.
3 c. Here most of the trajectories can be distinguished using
the eigenvalue ratio; practically all can be distinguished
using r2/t. Third, one can observe multiple particles. A single
particle may show anomalous behavior by chance, but if
several particles show the same anomalous behavior, the
probability is much lower. See, for example, Fig. 7 of Ghosh
and Webb (1994).
For a given experiment, some parameters are better than
others, but the problem of overlap will always occur. What-
ever the parameter, it has some probability distribution, and
for V small enough, this distribution will overlap the distri-
bution for V = 0 significantly. Similarly, for trapping within
a region of radius R, there will be overlap of the distributions
as R decreases from infinity to 0.
Analysis as in Fig. 3 is useful for testing parameters, but
for interpreting experimental data, these plots answer the
wrong question. The question they answer is, if it is known
that a trajectory results from either V = 0 or V = 0.1, how
well can we distinguish between these alternatives using a
given parameter and observation time? In reality, V is an
unknown continuous variable, and we want to see how ef-
fectively a parameter measures V. It is necessary to carry the
analysis one step further.
Velocity distributions
Given an observed parameter value, what distribution of ve-
locities is consistent with it? For a particular model, we can
obtain this distribution as follows. First, we generate histo-
grams of the parameter for many values of V, as shown in
Fig. 4 a for r2/t. Then we pool this data into a two-
dimensional histogram, shown as a contour map in Fig. 4 b.
Finally, we slice this two-dimensional histogram in the other
direction, and read off histograms of V at constant r2/t, as
shown in Fig. 4 c. These curves give the distribution of V
consistent with an observed value of r2/t. Each curve in Fig.
4 c is normalized to unit area because it is a conditional
probability, the probability of a particular value of V given
that r2/t is observed to have a particular value. The overlap
of the V curves indicates the usefulness of the parameter in
measuring V.
Similar distributions of Vfor fixed values of r2/t are shown
in Fig. 5 a for the conveyor belt model for 90% directed
motion, 10% diffusion, and in Fig. 5 b for 50% directed
motion, 50% diffusion. As the fraction of time bound de-
creases, the peaks broaden considerably and the overlaps
increase. For 10% directed motion, 90% diffusion, the V
dependence is so weak that there is little reason to show the
results. Fig. 5 c shows the distribution of V for fixed values
of the asymmetry parameter A2 for the uniform flow model.
The eigenvalue ratio a2 shows even less V dependence for
these models of directed motion. These parameters are less
useful than r2/t in determining the velocity.
For the uniform flow model, diffusion and directed motion
occur simultaneously, and the V curves are trivial to under-
stand. The mean velocity is just V. For pure directed motion,
0.1
c
U
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r2/t
cjL
O E .:;:: 7----. .-.. 1
0.0 0.1 0.2 0.3 0.4 0.5
V
0.5
0.4
r2/t = 0
c 0.30
i \ 10 20 30 40
LL 02 -
0.1
0.00.0 0.1 0.2 0.3 0.4 0.5
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FIGURE 4 Construction of distributions of V for observed values of r2/t.
(a) Histograms of r2/t for V = 0, 0.05, 0.10, 0.15, and 0.20 from Monte Carlo
calculations for the uniform flow model at t = 256. For clarity, curves are
shown at a spacing of AV = 0.05 and a maximum of V = 0.2; in practice,
a spacing of0.025 and a maximum of 0.5-0.7 are used. (Kusumi et al. (1993)
show similar families of curves for their relative deviation parameter RD.
This parameter is similar to r2It, but differently averaged, and normalized
by the short-time diffusion coefficient.) (b) Contour plot of the pooled data.
The contours are 0.0001, 0.0002, 0.0005,..., 0.5; the solid lines correspond
to powers of 10. (c) Distribution of V for the indicated values of r2/t, ob-
tained by slicing the data in Fig. 4 b parallel to the V-axis, and normalizing
the resulting histograms. The points are Monte Carlo data and the curves
are splines drawn through the data points.
r = Vt, and for pure diffusion, (r2) = Dt in dimensionless
units, so the width of the curves is just V = x/TD-, obtained
by requiring that pure directed motion and pure diffusion
yield the same values of (r2)/t. The Monte Carlo curves are
very close to these values. For the conveyor belt model, we
can approximate the values similarly. The mean velocity (not
the peak) is FBDV. In dimensionless units, for directed motion
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FIGURE 5 Distributions of Vfor observed values of parameters. (a) Dis-
tribution of V for the indicated values of r2/t for the conveyor belt model
with 90% directed motion, 10% diffusion. (b) The same distribution for the
conveyor belt model with 50% directed motion, 50% diffusion (c). The
distribution of V for A2 = 0.0, 0.2, 0.4, 0.6, and 0.8 for the uniform flow
model.
r = FBDVt, and for pure diffusion (r2) = (1 - FBD)Dt, so the
width of the curves is V = A(1 -FBD)D/F Dt. The mean
velocities for the Monte Carlo curves are near these approxi-
mate values, but the Monte Carlo curves are wider than the
estimates, because the estimate includes only broadening due
to diffusion, and there is additional broadening due to fluc-
tuations in the fraction of time the particle is diffusing.
Two-parameter plots
Another way to use these parameters is to look at two of them
simultaneously. The obvious choice is an extent parameter
and an asymmetry parameter. We consider the joint distri-
bution of r2It and a2 and the joint distribution of RWt and A2
for the pure unobstructed random walk. From these distri-
butions one can find the probability that an observed tra-
jectory could have occurred in a pure random walk. A similar
approach was used by Kusumi et al. (1993) to classify tra-
jectories based on a single parameter. Fig. 6 a shows a con-
tour plot of the joint distribution of r2/t and a2, and Fig. 6 b
shows the joint distribution of RU/t and A2. The contours fall
off very steeply at small values of r2/t, a2, and RWt. To give
greater detail in these regions, the histograms were also col-
lected using logarithmic bins. Fig. 6 c shows the joint dis-
tribution of r2/t and a2, with both variables in logarithmic
bins, and Fig. 6 d shows the joint distribution ofR/t and A2,
with RU/t in logarithmic bins and A2 in linear bins.
The qualitative behavior of the joint distribution is shown
in Fig. 7 for pure diffusion, trapping, and both models of
directed motion. As the velocity or the fraction of time spent
in directed motion increases, the distribution moves toward
lower a2 and higher r2/t. There is significant overlap of the
distributions for pure diffusion (Fig. 7 a), trapping (Fig. 7 b),
and 50% diffusion, 50% directed motion (Fig. 7 d).
The data used to generate Fig. 6, and a Fortran program
to calculate the probability of a pair of experimental param-
eters from this data, is available from Biophysical Journal by
FTP, or from the author by E-mail. This program simply
takes the pair of experimental parameters, calculates the his-
togram indices as in the original Monte Carlo program, and
looks up the size of the bin and the probability that a pure
random walk lies within that bin. The distribution is nor-
malized so that the probability of the most probable bin is 1.
For example, if an experimental trajectory gave r2/t = 7 and
a2 = 0.2, the linear bins (Fig. 6 a) give a probability of
7.2 X 10'- that, for a pure random walk, the parameters are
in the range 7.00, 7.25, and 0.20, 0.21 respectively. The loga-
rithmic bins (Fig. 6 c) give a probability of 8.2 X 10' that,
for a pure random walk, the parameters are in the range
6.3096, 7.9433, and 0.1995, 0.2512.
There is an important distinction to keep in mind when
using this sort of data analysis. If the observed parameter falls
on the fringes of the histogram for a pure random walk, one
can legitimately say that the observed trajectory is not likely
to be a pure random walk. But if the parameter falls near the
center of the histogram for a pure random walk, one cannot
say that the trajectory is likely to be a pure random walk. The
trajectory could result from directed motion with a velocity
for which the histograms overlap, as in Figs. 3 and 7, or from
other mechanisms. Such trajectories cannot be classified as
purely diffusive; they must be classified as "diffusive plus
ambiguous."
Continuum versus lattice models
Finally, we compare results for the lattice and continuum
simulations of unobstructed diffusion. The histogram of r2/t
is noisier for lattice simulations than for continuum simu-
lations, as shown in Fig. 8. The calculations are done for 108
2116 Biophysical Journal
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FIGURE 6 Joint distributions of extent and asymmetry parameters for a
pure unobstructed random walk. Here t = 256, and 108 trajectories were used
to get smooth contours at low probabilities. The distributions are normalized
so that the maximum value is 1. Contours are 0.0001, 0.0002, 0.0005, . .
0.5, with the solid contours corresponding to powers of 10. The peak is
indicated by a solid contour at 0.9. Linear bin sizes are 0.25 for r2/t, 0.02
for Ra/t, and 0.01 for a2 and A2. Logarithmic bin sizes are 0.1 for all vari-
ables. (a) Joint distribution of r2/t and a2 with linear bins. (b) Joint distri-
bution of R2Jt and A2 with linear bins. (c) Joint distribution of r2/t and a2
with logarithmic bins. (d) Joint distribution of R2/t and A2 with logarithmic
bins for Ra/t and linear bins for A2.
FIGURE 7 Joint distributions of r2It and a2 with linear bins for pure dif-
fusion, trapping, the uniform flow model, and the conveyor belt model. The
distributions are normalized so that the total volume is one and the plots are
directly comparable. Contour intervals are 0.0001, 0.0002, 0.0005, ....
0.05, with the solid lines corresponding to powers of 10. Only Fig. 7 c goes
above 0.005. Bin sizes are 0.25 for r2/t and 0.01 for a2. (a) Pure diffusion.
(b) Uniform flow model with V = 0.2. Trapping in a circular domain of
radius 8 e. (c) Conveyor belt model with 90% directed motion, 10% dif-
fusion, and V = 0.1. (d) Conveyor belt model with 50% directed motion,
50% diffusion, and V = 0.1.
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trajectories, so that the noise in the lattice simulation is a
result of the lattice structure, not statistical noise. The his-
togram for R2/t is similar to Fig. 8, but for RGJt, A2, and a2,
the histograms for lattice and continuum models agree
closely. Fig. 9 a shows the joint distribution of r2/t and a2.
Continuum and lattice. diffusion give very similar results.
Fig. 9 b shows the same joint distribution for the continuum
model for t = 64 and t = 256. The contours are similar
because a2 approaches its asymptotic value quickly, and di-
vision by t removes the time dependence of r2. The only
major differences among contours in Fig. 9 are for the most
extended trajectories, which have small eigenvalue ratios,
large values of r2/t, and low probabilities. Similar plots for
the joint distribution ofR2 andA2 show similarly close agree-
ment for both linear and logarithmic bins. Agreement is poor
for the contour plots with logarithmic bins of r2/t, because
the logarithmic bins emphasize small distances for which the
lattice structure is important. Here it is necessary to use a
continuum model.
DISCUSSION
The basic idea of this paper is that to analyze a trajectory, one
must define a parameter characterizing the trajectory, and
look at the probability distribution of that parameter for a
pure random walk and for whatever models one thinks ap-
propriate. The overlap of the probability distributions shows
how well the measurement distinguishes the models. If the
overlap is significant, several approaches may be useful: use
better parameters, make longer measurements, or look for
similar behavior ofmany particles. Or one might simply con-
cede that many trajectories will be ambiguous and focus at-
tention on the extreme trajectories. Earlier work (Saxton,
1993) emphasized the measures of asymmetry a2 and A2, but
the results here (Fig. 3) indicate that r2/t is a more useful
parameter in testing for directed motion when a particle un-
dergoes both diffusion and directed motion.
Trajectories can be analyzed using joint probability dis-
tributions of pairs of parameters characterizing the trajecto-
ries. The main application of these distributions is likely to
0.05
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c 0.03
0.02
0.01
0.0
0 1 2
r2/t
3 4
FIGURE 8 Distribution of displacement r2/t for a pure random walk on
a lattice (Jagged line) and on a continuum (smooth line), for t = 256, and
108 trajectories.
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FIGURE 9 Joint distributions of eigenvalue ratio a2 and displacement r2/t
for a pure random walk on a continuum, for 108 trajectories. These are
normalized so that the total volume is one. Contour values are 5 X 10`,
5 x 10-6, 5 X 10-5, 5 x 10-4, and 2 x 10-3. Bin sizes are Ar2/t = 0.25
and Aa2 = 0.01. (a) Comparison of continuum (solid lines) and lattice
(dashed lines) results for t = 256. (b) Comparison of continuum results for
t = 256 (solid lines) and t = 64 (dashed lines). The maximum values agree
well: 0.004846 for the continuum at t = 256, 0.004910 for the lattice at
t = 256, and 0.004796 for the continuum at t = 64. A bin-by-bin comparison
of the original histograms shows they agree to 4% or better.
be to show that an observed trajectory is not likely to have
resulted from a random walk. In this paper the pairs of pa-
rameters have been chosen to be measures of extent and
measures of asymmetry, but other choices are possible.
(These two-dimensional histogrms also show the degree ofcor-
relation or anticorrelation of the pair of parameters. Ideally, one
would use two completely uncorrelated parameters.)
A comparison of probability distributions for lattice and
continuum models of pure diffusion, with velocity 0 and no
obstructions, showed surprisingly good agreement except for
the most extended trajectories. This result supports the use
of lattice simulations, which have the advantages of sim-
plicity, speed, and the ability to examine the number of dis-
tinct sites visited. But in most cases, continuum simulations
are preferable to reduce the noise in some of the probability
distributions and to obtain results valid at small distances.
For models including directed motion, continuum simula-
tions are much more practical than lattice simulations.
An experimentalist observing a "conveyor belt" cell would
like to be able to look at a trajectory and read off bound and
free periods, the velocity during the bound periods, and the
diffusion coefficient during the free periods. This is not yet
possible. It would be useful to be able to subdivide a tra-
jectory into bound and free periods, but doing this by eye is
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hazardous. It is necessary to set up an algorithm to subdivide
the trajectory, and test the algorithm on models like those
discussed here, particularly the pure random walk. Work in
progress attempts to do this by subdividing a trajectory into
segments of all lengths and all starting points. Then each
segment is characterized by the parameters already dis-
cussed, and the segments not likely to be random walks
are identified. Averaging is done only within each seg-
ment, so information about the bound-free equilibrium is
retained.
Supplemental material will be found on the Biophysics
Internet Server. For instructions, see Biophysics on the
Internet on the last page of this issue.
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methods on his experimental data. This work was supported by National
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